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ABSTRACT

The aim of this paper is to examine how inflation volatility affects economic growth in a
small open economy. To reach this goal, a stochastic macroeconomic model with a finan-
cial sector and incomplete financial markets (due to the inclusion of jumps) is developed.
It is assumed that the general price level is driven by mixed diffusion-jump process, that
is, a Brownian motion governs inflation and a Poisson process guides unexpected and
sudden jumps in the price index. The economic growth rate is endogenously determined,
in the equilibrium, as a function of parameters of the inflation process.
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RESUMEN

El objetivo de esta investigacion es examinar como la volatilidad en la inflacion afecta el
crecimiento econémico en una economia pequeiia y abierta. Para alcanzar este objetivo,
se desarrolla un modelo macroeconémico estocastico con un sector financiero y con mer-
cados financieros incompletos (debido a la inclusion de saltos). Se supone que el nivel
general de precios es conducido por un proceso estocéstico que combina difusiones con
saltos, es decir, la inflacion es gobernada por un movimiento browniano y los saltos brus-
cos e inesperados en el indice de precios se rigen por un proceso de Poisson. La tasa de
crecimiento econdmico se determina endégenamente, en el equilibrio, en funcion de los
parametros del proceso que conduce a la inflacion.
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INTRODUCTION

Volatility in the rate of inflation has been one of the distinguishing macroecono-
mic characteristics, for decades, of many Middle East, Asian, and Latin Ameri-
can economies. While economic literature has provided considerable theoretical
advancement in the understanding of the relationship between inflation and
growth in the deterministic framework; see, for instance: Hill (2001), Houthakker
(1979), Sidrauski (1976), Dornbusch and Frenkel (1973), Phillips (1962), Black
(1959), Kaldor (1959), and more recently Loayza y Hnatkovska (2004) y Gongal-
ves y Salles (2008), it is still missing a stochastic setting that allows modeling
properly inflation volatility in order to provide a coherent explanation of the rela-
tionship between inflation and growth. We develop a stochastic small open eco-
nomy model with a financial sector under the assumption of incomplete financial
markets. The general price level, which will be endogenously determined, evol-
ves according to a geometric Brownian motion combined with a Poisson pro-
cess.! In this case, the Brownian motion models small diffusion movements of
the inflation rate and the Poisson process models jumps in the price level. The
proposed model considers explicitly the exposure to distinct risks of all the
agents. The setting provides tractable closed-forms solutions that make much ea-
sier the understanding of the key issues in to explain growth.

In financial and economic literature, the assumption that data follows a
log-normal distribution is very common. In particular, it is customary to assume
that data follows a geometric Brownian motion. However, there exists strong
empirical evidence that most of financial and economic variables of high fre-
quency badly fit a log-normal distribution. One of the main characteristics of
these variables is that from time to time they present unexpected jumps, which
occur more frequently than it would be expected in a log-normal distribution,
even if it a moderate volatility rate is assumed. In macroeconomic data analysis,
when a standardized empirical distribution of a variable is compared with a stan-
dard normal distribution, it is common to observe that the peak of the empirical
distribution is higher than that of the normal case. Since both distributions have
the same standard deviation, and hence the same inflection points, the tails of the
empirical distribution have to be necessarily fatter in order to compensate its

! There are many works in the economic literature that use diffusion or mixed jump-diffusion
proces, we mention, for instance: Grinols and Turnovsky (1993), Turnovsky (1993), and Giuliano
and Turnovsky (2003).
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area that must be equal to unity. Thus, a higher peak leads to larger probabilities
of small movements and the fatter tails to larger probabilities of extreme values.
This distinguishing characteristic is observed in many financial variables, includ-
ing inflation rates. Mixed diffusion-jump processes provide an alternative to mo-
del heavy tails in a richer environment to rationalize price dynamics that cannot
be generated by using only the Brownian motion. This fact is not just a sophisti-
cation to be included in a macroeconomic equilibrium framework but an impor-
tant issue to be considered in explaining the relationship between inflation
volatility and growth.

This research will develop a general equilibrium stochastic macroecono-
mic model useful to explain how inflation volatility affects economic growth in a
small open economy with a financial sector. Under the assumption of incomplete
financial markets, the prices of all available assets (real monetary balance, real
bonds and real equity) in the economy will be driven by mixed diffusion-jump
processes. Moreover, mixed diffusion-jump stochastic processes will also guide
taxes. Finally, we suppose that a Brownian motion governs inflation and a Pois-
son process guides unexpected and sudden jumps in the price index. The econo-
mic growth rate will be endogenously determined in the equilibrium.

This paper extends the basic framework stated in Venegas-Martinez
(2009) to assess the impact of the inflation-rate volatility on economic growth.
The distinguished characteristics of the current proposal are: 1) the economy is
now open; 2) perfect capital mobility; 3) there is a foreign (nominal) bond avail-
able in the economy; 4) the representative consumer considers a basket of hete-
rogeneous goods; 5) the probability that the consumes remains alive at time ¢ is
driven by the exponential distribution; 6) the mean expected growth is explained
in terms of the inflation-rate volatility; 7) and, finally, the mean expected sizes of
possible jumps and the intensity parameters of relevant economic variables
appear in the mean expected growth rate.

This paper is organized as follows. In the next section, we define the stoch-
astic dynamic of prices and assets. Throughout section III, we state and solve the
consumer’s decision problem. In section 1V, we deal with the firm’s decision
problem. In section V, we close the model by introducing the government behav-
ior. Through section VI, we determine the stochastic macroeconomic equilib-
rium. In section VII, we determined, endogenously, the expected growth rate of
output. Finally, we present conclusions, acknowledge limitations, and make sug-
gestions for further research. One appendix contains a useful theoretical result
for the development of the proposed model.
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I. EMPIRICAL STYLIZED FACTS

In this section, we revise some stylized facts. The major episodes of inflation
volatility observed in Mexico are: mid-1995, 1999, 2001 and 2009, which lead
to a reduction in the growth rate of GDP. It is important to point out that in some
periods there was even a decrease of output, as seen during some years between
1980 and 1994; see Figures 1 and 2.

Figure 1. Inflation volatility vs. cbp growth (1994-2011)
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Figure 2. GDP growth vs. inflation (1980-1994)
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The volatility of inflation may be due to the existence of sharp fluctua-
tions in supply and demand in raw materials and agricultural products or fuels,
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which are fundamental to many aspects of daily economic activities. Moreover,
the unstable behavior of prices could have negative effects in saving and invest-
ment, creating inefficiencies in the market. Notice the volatile behavior of the
National Index of Consumer Prices in Mexico during some periods in 1970-
2011, as shown in Figure 3.

Figure 3. National Index of Consumer Prices (1970-2011)

(Annual % change)

Source: Banco de México.

The stylized fact sated above, namely that high volatility of inflation lea-
ding to lower growth is not only observed in Mexico, but also in other small
open economies in Latin American (for instance, Mexico, Brazil, and Argentina).
The higher fluctuations in inflation have negative effects for businesses and con-
sumers, which could result in reducing growth rates, as it can be see in Figure 4.

Figure 4. Real Gross Domestic Product behavior (1994-2011)
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When the inflation rate is volatile, prices are unpredictable for consumer

and businesses to plan consumption and production, respectively, in the long
term. Finally, in Figures 5 and 6 it is shown the dynamics of National Index of
Consumer Prices for some small open economies during different periods of time.
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Figure 5. National Index of Consumer Prices (1994-2011)
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Figure 6. National Index of Consumer Prices (1997-2011)
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I1. PRICES AND REAL SECURITIES

Let us consider a small open economy with a single (representative) infinitely
lived consumer in a world with a single perishable consumption good. We also
contemplate in this economy a single (representative) firm that uses available
capital to produce domestic output. And in this section, we establish the dynam-
ics of asset prices to treat the consumer’s problem.

We assume that the good is freely traded, and its domestic price level, P,,
is determined by the purchasing power parity condition, namely P,=P*E, where
P* is the foreign-currency price of the good in the rest of world, and E, is the
nominal exchange rate. Since the consumer is price taker in all of his trading ac-
tivities with the rest of the world, we may suppose, for the sake of simplicity that
P* remains constant over time. We also assume that the price level, P,, and con-
sequently the exchange rate, £, is driven by a mixed diffusion-jump process
according to:

df _ dE,
P

t t

:ﬁdt‘f'o-dep,t"‘ Vdepv,, (1)

Where the drift (or physical trend) 7 is the mean expected rate of infla-
tion (or mean expected rate of depreciation) conditional on no jumps, oy is the
instantaneous standard deviation or volatility of expected inflation, and 1+v, is
the mean expected size of possible jumps in the general price level. Here, W5,
stands for a standardized Wiener process, that is, W, , is a temporally indepen-
dent normally distributed random variable with E [dW; ] = 0 y Var[dW;,] = dt.
The initial price level P,=E, is supposed to be known, positive, and determinis-
tic. We also assume that jumps in the price level follows a Poisson process, Op,,,
with intensity parameter A, in such way that:

Pr{A jump of size one during dt}=Pr{dQp,, = 1}= Apdt, 2)
whereas:?

Pr{No jump during d¢}=Pr{dQp,, = 0} = 1— Apdt 3)
and:

Pr{More than one jump during d¢}= Pr{dQp,,=0} = 0 (dt)

2 As customary, o(h) means that o(h)/ h—0 as h—0.
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Hence, E[dQ,,]=Var[dQ, ]= A, dt. The initial number of jumps is sup-
posed to be zero, that is, 0, =0. Throughout the paper, we will assume that 7,
and Qp,, are uncorrelated processes. The trend 7, the volatility op, the mean jump
amplitude v,, and the probability of a jump in the price level Pr{dQ,,=1} are to be
all endogenously determined.

The representative consumer possesses four different assets: domestic
(nominal) money, M,; domestic (nominal) government bonds, B,; equity claims,
k,; and foreign (nominal) bonds, B,*. Therefore, the individual’s real wealth, @ , in
terms of the consumption good as numeraire is given by:

a,=m+b+ k,+b], 4

where m,= M,/P, stands for real monetary balances, b,= B,/P, represents the hold-
ing of domestic bond in real terms, and:

b,=B;/P"=EB’/P (5)

defines the holding of foreign bonds in real terms. In order to keep as simple as
possible the structure of the economy, we suppose that domestic bonds are not
traded internationally, otherwise transitional dynamic paths and analytical solu-
tions become extremely complicated. The accumulation of real wealth evolves
according to the stochastic differential equation:

d(lt = atI:Nm,thm,t+ Nb,thb,t+ Nk,thk,z' (6)
+N, dR. t] —¢ (I+7,)dt—dr,
where: .
NN = Jo _ Portfolio share of the asset j, j=m, b, k, b*;
: a

t

dR,;, = return rate after taxes on the asset j, j=m, b, k, b*;
dt, = tax rate on real wealth;

7, = resident-based tax rate on consumption.

We next determine the asset returns. We suppose that the nominal rate
of return on money and bonds are zero and i, respectively. The stochastic rate of
return of holding real monetary balances at time ¢, dR ,, is simply the percentage

m, t>
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change of the price of money in terms of goods. A straightforward application of
1t6’s lemma to the percentage change of real balances, taking (1) as the un-
derlying process, leads to (see Appendix):

_d(M,/P)_

dR
m,t Mt /Pt

r,dt _GPdWP,t+(1 !

+v,

_ngw ™

where 7, =—7+07}. The stochastic return of holding bonds is similarly obtained
as:
_dB./R)_

dR =rdt +o,dW, +
bt B,/}), b P Pt (1

1

+v,

- 1) dQ,,» 3

where r, =i(l-7,)-7+0,, and 7,18 the tax rate on interest income. It is worth-
while to observe that both the stochastic rate of return on domestic money and
bonds are affected by the volatility and jumps in the general price level. The
stochastic rate of return on equities after taxes will be denoted, for the time be-
ing, as:

dR, =r dt+0,dW,, +v,dQ, - )

where W,  is a Wiener process and Q, | is a Poisson process with intensity para-
meter . The process dR,  will be endbgenously determined in the macroecono-
mic equilibrium. Finally, the stochastic rate of return on foreign bonds is deter-
ministic and given by:

db; =bdR,. =br.dt.

The only remaining issue is how taxes are paid, we suppose that the con-
sumer pays a tax on wealth as follows:

dt,=a7dt +a,0,dW,, +ay.dQ,,, (10)

where 7 is the mean expected tax rate on real wealth. As before, W, ,and O, are
a Wiener and a Poisson processes, respectively. The trend 7, as well as the diffu-
sion and jump components o dW_ y v.dQ_, are to be endogenously determined.
All of the processes 0, , O, , and Q_, are supposed to be mutually uncorrelated.
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III. CONSUMER’S DECISION PROBLEM

Consider a small open economy populated by agents with identical preferences
Suppose that the representative consumer derives utility from a generic con-
sumption good and from the liquidity services of real balances. It is also assumed
the the consumption of heterogeneous goods, ¢, (@), indexed by ®@<[0,1], have a
uniform density in [0,1], that is:

1 if @ e[0,1],

0 in other case,

f(@)= {
in such way the consumption of the aggregate basket is given by:

¢ =] c, @) f( @)D= ¢, (@)d.

It is also assumed that the density function that consumes remains alive
at time ¢ is exponential with parameter &, that is:

f(Hy=E, t>0.

We assume that the expected utility is of the Von Neumann-Morgenstern
type. Specifically, the total discounted expected utility at time ¢ = 0, V,, of the
competitive consumer has the following separable form:

V,=E, {T[u(cl) +v(m,)] e"a’f(t)dt} >

0

where E is the conditional expectation upon all available information at time
t =0, and O is the agent’s subjective discount rate. In particular, we choose
u(c,) =0log(c,), and v(m,) = (1 —0) log(m,), 0 <@ <1, in order to generate clo-
sed-form solutions that makes the analysis tractable. Under this utility index the
consumer becomes a risk-averse agent. Thus, the objective of the consumer is to
choose, at each instant, the portfolio shares and the consumption amount that
maximize his utility index. Moreover, it is important to point out that the main
results or conclusions may not be valid under other specifications of the utility
function. If more general functional forms are considered, it is possible than close-
form solutions are not obtained, and in some cases even only numerical approxi-
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mate solutions can be found. However, we may anticipate that results do vary
when using other utility functions; for instance, when using the negative expo-
nential utility function or the hyperbolic utility index, which is out of the reach
of objectives’ paper.

After substituting expressions (7)—(10) in the stochastic equation of
wealth accumulation (6), we get:

1+
—da’ :[Nm,,”m + N, 5, + N i+ N, r. —M—T’} dt+dw
a, : a,
1
+ Nm,t+Nb,t)(l+v _l]dQP,t+Nk,tvdek,t_deQ‘r,H (11)
P

where the diffusion component satisfies:
m,t Tt

dW = N,,0,dW,,—(N,,+ N,,)0,dW,,—o.dW,

The necessary conditions for an interior solution of maximizing ¥,
subject to (11) and to the normalizing constraint:

1-N,,-N,,-N,,—N,. =0 (12)
are given by:
1. Consumption
o =0ty (13)
(1+7)

2. Real monetary balances

_(3+9)(1-6)

0 N rm_ Nm,t+Nb,t)O-13+Nk,to-Pk_O-PT
’l,,vp
- —(0+
1+(1-N,,=N,, v (G+c)e (14)
:(5-’-5)—(1_9)_{_ r.+ o APVP _(§+§)¢ :0;

N,

myt

e 1 + (1 - Nm,t_ M,t)vP
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3. Real domestic bonds

AV

-(N_+N,)o.+N, 0, —0n — —(0+&)p,
}?7 ( m,t [z,t) P k™ Pk Pt 1+(1_Nm’,_Nb,,)Vp ( §)¢
+0 Apvy 0+5p=0 (15)
=7, _ _ = ,
" 1+ (=N, N, ) v, 4
4. Equity claims
AV
-N,,0i+(N,,+N,, )o, +0. + kk -0+,
T Ok mt b,t) Pk i 1+(1_Nm,t_Nb,t)Vk ( ég)(”
A, 5 . (16)
O T G=N,, N, )y, o)
and:
5. Real foreign bonds

r.=(6+45),

where ¢ is the Lagrange multiplier associated with the constraint (12), Cov
(aW. 0, W, )= 0, dt, and Cov (dW, o, W,,)= 0,,dt . Equation (13) simply expres-
ses that consumption is proportional to real wealth. After subtracting (14) from
(15), we readily find that the optimal portfolio share on real monetary balances is

iven by:
given by N :(§+f)(1+9). (17)

Hence, the portfolio share of real money balances varies inversely with
the after-tax nominal interest rate. Moreover, after subtracting (15) from (16), we

get:
C+N,,D
N, B-A=—— b ; (18)
(vP +Nk’t)(vk +Nk’t)

where:

A=r, -1, 40} +0p +0, +0,,,

B= o0, +20, +0,>0 (19)

C=A—P +’1—k and 4, +4, (20)

v, W
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Clearly, equation (18) is cubic with real coefficients, and hence it has at
least one real solution,® which will be denoted by N, . Observe that we have not
imposed constraints on the portfolio shares to be strictly positive and less than
unity, and hence short sales are permitted at any time. In particular, if we assume
that A, and A4, are zero, then C = D = 0, and there is a unique solution (cf. Tur-
novsky, 1993):

=AB™". (©2))

k] ,=2,=0

Observe now that from (16), we can obtain the value of the Lagrange

multiplier:
o= 1 o+ AV, )
G+ " 1+ N, @2)

Finally, the optimal portfolio is completely determined with ¥, 50> Which
is residually obtained from (12) as:

o _(5+§)(l—9)
T )

byt
Since optimal portfolio shares remain constant over time, in what follows
we will leave out the time sub index, and we will simply write: N, N,, and N,.
Finally, notice that the first-order conditions can be rewritten in terms of marginal
utility as:

-N, (23)

N

oo (1+7)
) 5+ b 4
and:
%(1+Tc):i(l—ry). (25)

Moreover, in virtue of (14), (23) and (18), we may re write (25) as follows:

u'(m -
#c’))(urc):zr—m(of&o},kﬁoﬁ+rk—aW,(+

t
Apvp N AV,

+—=2 -
1+Niv, 14+Niv,

(26)

=7 =Ni (0}+ Op— B)+0p + 1,— Oy — A.

3 Indeed, non real roots occur in conjugate pairs.
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The above equation equals the marginal utility of holding real balances,
standardized by the marginal utility marginal of consumption, with the marginal
cost of holding real balances. This condition shows explicitly how the opportuni-
ty cost of money is affected by uncertainty, i.e., by small diffusive changes in
inflation and by chronic extreme movements in the price level. Finally, observe
that logarithmic utility implies that the optimal values of X, j = m, b, k, depend
only on in the parameters that determine preferences and stochastic characteris-
tics of the economy. In other words, the consumer’s attitude to risk is indepen-
dent of the real wealth level, i.e., the resultant real wealth level at any instant has
no effects on the portfolio decisions.

IV. FIRM’S DECISION PROBLEM

In microeconomic theory is common to assume that firms conduct research and
development in search of technological change. Due to the constant search for
greater profits, companies try to get maximum benefit in the technologies adop-
ted. One such advantage is access to more efficient production conditions and
distribution, via the technological change. It is here the main motivation for a
firm to invest resources in research and technological development. In this con-
text, consider a firm whose production, y, depends on a capital asset, k. It is
assumed that small changes in technology that are seen every day are driven by a
diffusion process (Brownian motion or Wiener process), and technological inno-
vations (technological leaps) that occasionally occur are modeled with a Poisson
process. The technology used by the firm can be owned or acquired from other
companies, private or public.

Suppose that in the domestic economy there is only one firm that uses all
available capital to produce domestic output. Available capital is the domestically
produced output that is not consumed, purchased by the government, or exported.
The rate of return on equity will be determined in terms of the production level
and the dividends policy. We assume that production is driven by the following
stochastic technology:

dyt = ]/ktdt + }/ktO-deVy,t + ]/ktvdey,t (27)

where ¥ represents the mean expected marginal product of capital. Here, as in
the consumer case, I, is a Wiener process and Q,, is a Poisson process with the
standard characteristics. Processes o,dW,, and v,dQ,, are supposed to be exoge-
nous. In general terms, the return on equity can be defined as:
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dR,, = (1-1,) % 4 D (28)
kl t

where v, is flow of dividend payments and ¥, is the equity price on real terms. We
suppose that capital gains are no taxed.* Notice that the return on capital has two
components: the dividends paid by each share and the gains or losses of cap-
ital as a result of the difference in prices. Let us examine each component separa-
tely. In order to determine the percentage change of u, du, / u, it is necessary to
analyze all the variables determining possible capital gains: number of shares,
production and investment. For the sake of simplicity, we will assume that num-
ber of shares, at any time, ¢, remains constant, say equals to A, then it follows

that Nu,=k,. Therefore:
dk, = Ndu, 29)

On the other hand, production after corporate income tax can be used
either to pay out dividends, dV, or to finance investment, dk,, i.e., acquisition of
new capital. Hence, the change in output after taxes is given by:

(1-7,)dy, =dv, +dk, (30)

where 7, is the tax on corporative income. By combining equations (29) and
(30), we get:
du, _ (I=1,)dy, ~dv, 31)
u k

t t

Substituting the above expression in (28), we get:

b 62

On the other hand, the dividend policy of a firm is a plan for the distribu-
tion of payments of dividends to shareholders. The dividend policy should take
into account two basic aspects: maximize the benefit of the owners of the com-
pany and provide sufficient funding for the company, including research and de-
velopment. A cash dividend per share of the company indicates the percentage
per dollar distributed to shareholders. One of the drawbacks of this policy is that
if company profits decline, or if a loss occurs in a given period, dividends may be
low or even zero, pushing the plan previously established. A regular dividend

de,t: -7,

*We assume, as in the Mexican case, that there is not a tax on capital gains.
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policy is based on paying a fixed dividend in each period. This policy gives share-
holders confidence, indicating that the company performs well, thus reducing
uncertainty. There is also the possibility of payment of stock dividends, a stock
dividend is the payment of dividends in shares to existing owners and the com-
panies often resort to such dividend as a form of replacement or addition of divi-
dends. The proposed modeling assumes that the firm pays dividends at a constant
fraction « of the after-tax corporate income. That is, dividends have the following
form:

dv, =a(l-1,)dy, 0<a<l. (33)

After substituting this expression in (32), we obtain the stochastic pro-
cess governing the return on capital in terms of the technology process as:

ar, =(1-7,)(1-ar) 2 (34)

It is important to point out that in the above equation its stochastic beha-

vior is due to dy,/k, since the rest of the variables in (34) are deterministic. Fi-
nally, equation (9) is fully determined by:

n=(0-7)(1-az)y, (35)
o, dW,, =(1-7,)(1-az)yo,dW,,, (36)

and:
vd0,, =(1-7,)(1-az,) yv,dQ,, (37)

Thus, the rate of return on equity depends upon the marginal product of
capital. Similarly, the stochastic components dR,, depends on the productivity
shocks from changes in ¥ an from the exogenous behavior of @i, and dQ, ..

V. GOVERNMENT BEHAVIOR

In order to close the model, we describe the government actions as well as
the public policy. The public sector generates no utility for the consumer, has the
monopoly of printing money, and issues debt to finance public expenditures.
The government budget constraint in real terms has the form:
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dg,—dt,—dt,,+mdR, ,+bdR, =dm, +db, (38)

where dg is the change of public expenditures; d7, , is the change in taxes paid
by the consumer; d7, , is the change of taxes paid by the firm. We next summa-
rize the government policy variables, namely: public expenditures, money supply,
and public debt.

In our proposed framework, government expenditure is driven by the
following stochastic process:

dg, = gykdt+yko dW,, +ykydO,, 39)

where g is the mean expected rate of fiscal expenditure. As before, W, is a Wie-
ner process and Q,, is a Poisson process. Notice that government expenditures
are defined as a fraction of production. Money supply is a driven by a mixed
diffusion-jump process as follows:

dM, = uM dt+c, M,dW,,v +,M,d0,,, (40)

where 1 is mean expected rate of monetary expansion, dW,,, is the diffusion com-
ponent, and dQ,,, is the jump component. Public debt is issued in such a way that
the bond-money ratio remains constant over time, that is:

Lo, (41)

where k'is a known constant. Hence, it follows, immediately, that:

dB, dM,
B M

t t

(42)

Therefore, in open market operations, the percentage change of issued
debt is equal to the percentage change of shorts in money supply, or equivalently,
the percentage change in money supply is equal to the percentage change of the
debt liquidation.

The changes of total taxes in real terms, d7,, and d7, ,, paid by the consu-
mers and firms, respectively, are now described. Recall that the remaining taxes
7,, T, and 7, are exogenous in our model. Hence, the total tax collected by the
government from consumers is given by:
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dr,, =it N, adt+at, (1-7,) Yk (dt+6,dW, +v, dQ,,)

+a,Tdt+a,0dW, +ayv,dQ, + T cdt (43)
In the firm’s case, there is only a tax on corporate income, that is:
dt,, =T,Yk[dt y ©,dW,, +v,dO,,]. (44)
VI. EQUILIBRIUM CONDITIONS

In this section, we find the macroeconomic equilibrium and the stochastic rate of
capital accumulation in the economy, dk,/k,, we use the national income identity:

dy, =c,dt+dk, +dg,. 45)

After substituting in (45), equations (13) (27) and (39), corresponding to
the optimal consumption path, the production dynamics, and the public expendi-
ture policy, we get:

dk _ +
k_[ = V(l - g)_((s—é:)Ae dt Y (O-ydWy,t - O-gdeJ)
t (1 + TL, ) Nk,t

(46)
+7(4dQ, - ,dQ,,).

Consequently, the deterministic trend of the above equation is given by:

ﬁ 1 650 3

which define the mean expected growth rate. Finally, we may conclude that:

El(%ﬂ =[7 (0 +02) 47 (24, +v2A ]ar. (48)

t

In other words, the variance of capital accumulations depends upon the
variances of both the diffusion and jump components. This result will be used to
determine the overall macroeconomic equilibrium. Once we have determined the
agent’s optimal decisions, the firm behavior, the government actions, and the po-
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licy variables, it remains to obtain the macroeconomic equilibrium. By using the
fact that real balances and government bonds in real terms are linked with move-
ments in the price level, we may determine endogenously the inflation rate. No-
tice now that we can rewrite the price level as:

p=NuM, (49)
Nm,t kt
Differentiating stochastically the money-capital ratio, we find:
M,\ M, [ ) ¢
d(;}: ;l[{u - _}/(1 - g]—;t:|+}/2 (O'i +O'§ )—}’O‘My dt
+o,dW,, — y(oyd w,—odw,, ) (50)

+v,d0,,, + 1+1/v —l] do, + [#—1] do,,
y g ]

where o, = Cov(d%y,, dWy,,). Notice also that the first-order condition for con-
sumption leads to:

o _ (6+9)6 1)
ko (47N,
Hence, after substituting (1) (40) (46) (48) and (51) in (50), we find:
zdt+0,dW,, +v,dQ,, =
_ (5+ 5)9 2 (.2 2
-y(-g)-—2—|+7 (0> +02)—y0,, |dt
[u ly( g) aron |7 (c;+0;)-vo,,
+0,dW,,~ v(0,dW, + 0,d0, )+Vv ,dO,, (52)
YWy g4 YWe |4
- 1 N ry‘/y Qy,t + [1 _,}/vg] Qg,t
Therefore, the equilibrium inflation rate satisfies:
_ 6+6)6
= y1-8) - (ot ol)po, (D)
(1 +T, )Nk,t

The diffusion and jump components, respectively, are given by:
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o.dW,, = o, dW,, - y(O'},dWy,, -0,d0,, ), (54)
and:
YVy VVe
V,d =v,d - dQ  +|—+——|d
P QP,t M QMt 1+ va Qy,r (1 _ ]/Vg] Qg,t (55)

Equations (53)-(55) determine endogenously the rate of inflation consis-
tent with constant optimal portfolio shares. We observe in (53) that the equilib-
rium inflation is positively affected by the rate of monetary expansion, negatively
affected by the mean expected growth rate of capital, and positively affected
by the variances of fiscal and production diffusion and jumps shocks. On the other
hand, equations (54) and (55) determining endogenously the diffusion and jump
stochastic components of the equilibrium inflation rate. It is important to point
out that these components are functions that depends upon the exogenous stoch-
astic behavior of the rate of money supply, production technology and govern-
ment expenditures.

In order to determine the endogenous adjustment in fiscal policy, we use
the fact that the government budget constraint must be satisfied. First, by substi-
tuting the equations of government expenditures (39), money supply (40), and
debt policy (41), in (38) we find:

M B
A r) &
N — 7

+N,,

ko
- %[gdt +0,dW,, +v,d0,, ] (56)

|

B
_(dr, +dr,) ) +N, dR,, +N, dR,,

or equivalently:

(dr,, +dr,,)

_Ykro
T a—[ gdi+ o, dW,,+v,d0,, |- y
3

(57)
+]<[m,t dRm,t + ]\’}b,l de,t'
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On the other hand, by applying Itd’s lemma to obtain the stochastic
differential d (M, / P) with (1) and (40) as the underlying stochastic processes,

we get:
d [—‘ J
t

=(u-n-o0,,+0;)dt+0,dW,,

- O-PdWP + VMQM I v—dePt .
, T

After substituting the above expression along with those for the taxes
dt,, and dt,, in (57), we have that the deterministic and stochastic components
of the equilibrium tax adjustment are given by:

T'= N, 8- |:]\7m,, + N,,,t] u+N,i(1-27,)

(o7, (1-5)+ 5. JyN,, +[ N, + N, | (58)

_: 0(6+&)
‘(1+9)(1+7,)

O-rdVVr,t = _|:]\A]m»’+ ]\}W]O-M dWM,z + }/Nk,t O'gd%,t

(59)
- [ar}, (1-7)+ Tp] YN, 0,dW,,
and:
Vrer,z = _[Nm,z + Nb,z ] VMdQM,z + YNk,1vngg,z
(60)

- [ary (1-7)+ rP]}/Nk,,vy do,,.

Equation (58) describes the endogenous adjustment in the deterministic
component, while equation (59) summarizes the diffusion part as a functions of
random fluctuations in the rate of monetary expansion, o, dW,,,, government
expenditures, o,dW,,, and the real sector, 6, dW,,. The jump component given
by (60) is a function of the stochastic jump components of the rate of monetary
expansion, the production technology and the public expenditures.
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VII. MEAN EXPECTED GROWTH RATE

Finally, to determine the equilibrium rates of return of the real balances and
bonds in real terms, we substitute the above expressions in (7) y (8), respectively,
so the rate of return of holding money is given by:

r=-n+o;, +&, (61)
where:
=y (of, +0. )-2y0,, (62)

Notice now that due to the policy debt, the next identity holds at any
time ¢.

(1+k)(6+§)'
i(l_ry)

Hence, after substituting the optimal ortfolio share allocated to stock, we
obtain the equilibrium interest rate, that is:

N (52 G225 )
(1-7)(1+6) (1 _Nk,t(i*)J
In this way, the previous equation determines implicitly the equilibrium
value of the nominal interest rate. Therefore, the return of holding government

bonds is given by:
=i (1-1,)-7+0,+y (0] +0])-2y0,, (64)

Nk,t=1_

The return of capital r, is given by equation (35). Finally, from (51) it
follows that:

% _ 0(6+¢&) ‘ (65)
T *(1+k)(§+§)
i'(1-7,)(1+6)
which along with equation (47), leads to the mean expected growth rate:
0(6+¢&) _
P=y|1- - Ay =V, ) (66)
7[ YA )royn T TR
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where:

B (I+k)(6+&)
i (I_Ty)

Notice that economic growth is primarily driven by improvements in the
growth rate of capital, which involves producing more goods maintaining with-
out change the other inputs. Observe now that in virtue of 7, =i"(1— Ty)— n+o;,
we get:

Q=1

« 1 . «

Equations (66) and (67) offer an explicit relationship between inflation
volatility and output growth. In such a relationship, clearly, an increase in infla-
tion volatility, 0., in (67), leads to a reduction in the economic growth rate, ¥, in
(66). Indeed, an increase in o, decreases i*, which in turn reduces (2, which
appears in the denominator of first term of (66). Hence, the total effect of the
whole first term is negative. Thus, the proposed model provides a negative corre-
lation between volatility in the general price level and the growth rate of output
in a small open economy with a financial sector. In this way, our approach has
acquainted with an endogenous growth model consistent with stylized facts that
highlight the relationship between nominal volatility and growth.

CONCLUSIONS

Monetary authorities often motivate their concerns about inflation by claiming
that price level stability contributes to economic growth. Consistently, our theo-
retical approach has shown that in the long run countries having experienced
high inflation volatility also tend to feature dismal growth performances. We
have developed a macroeconomic equilibrium model in a richer stochastic envi-
ronment is useful to examine how inflation volatility affects economic growth.
The exogenous variables include the economic policy parameters: rate of mone-
tary expansion, 4; public expenditures, g; debt policy, £; and the tax rates 7, 7,
and 7,. Similarly, the exogenous stochastic processes are: money growth rate,
dw,,,, public expenditures, dW,,, and production, di7, ,. The rest of the stochastic
processes are endogenous and can be expressed as functions of exogenous shocks.
The economic growth rate was endogenously determined in the equilibrium, as a
function of parameters of the process driving inflation, which have an important

role in the design of economic policy.
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It is also important to point out that in the proposed theoretical frame-
work, as in the second term in equation (66), the mean expected marginal pro-
duct of capital, ¥ the expected size of a technological jump affect, v, , and the
probability that such a jumps occurs, 4,, all of them impact positively the growth
rate ¥, since economic growth is primarily driven by improvements in capital
productivity, which leads to producing more goods and services with the same
inputs of labor, energy and materials.

Needless to say, more research is required to assess the effects on econo-
mic welfare and indirect utility. An important question is if countries featuring
high inflation volatility tend to have underdeveloped financial markets and dis-
mal growth performances, of course this issue will be treated in future investiga-
tions. It is also important to point out that the main results may not be valid
under other specifications of the utility function, and future research will be de-
voted to more general functional forms of the satisfaction index.

APPENDIX: ITO’S LEMMA ON THE RATIO OF TWO PROCESSES

In this appendix we state without proof® a couple of useful results, in the develop-
ment of this paper, for mixed diffusion-jump processes. Given the homogeneous
linear stochastic differential equations:

dX, = X (u,dt+o dw, +v,dQ, ),
and:
Y, =Y,(,di+ 0, dW, +v,d0, ),

where dQ, are dQ, uncorrelated Poisson processes and dW,., dW, are Wiener pro-
cesses satisfying Cov(dW,, dW,) = p,, dt, and the Poisson processes are indepen-
dent of the Wiener processes, then the stochastic differentials of the ratio
X,/Y, and of the product X, Y,, are given, respectively, by:

Y, Y,

t t

X X
d[_fJ:_f[(uX_‘uY+o'}2,—o'Xy)dt+O'XdWX—O'ydWy
+v,dQ, + L do

TEC 1y, I

3 For the proofs, we refer the reader to Gihman and Skorohod (1972).
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and:
d(X, Y,)= XY, [(ty + 0y )di+ 0, dW, +0,d W, +vd Oy + v d0, |
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